We study the relations between spin squeezing and concurrence, and find that they are qualitatively equivalent for an ensemble of spin-1/2 particles with exchange symmetry and parity, if we adopt the spin squeezing criterion given by the recent work (G. Tóth et al. Phys. Rev. Lett. 99, 250405 (2007)). This suggests that the spin squeezing has more intimate relations with pairwise entanglement other than multipartite entanglement. We exemplify the result by considering a superposition of two Dicke states.
I. INTRODUCTION
As an important resource of quantum information and computation, entanglement [1, 2] has attracted much attention in recent years [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . How to measure and detect entanglement is crucial for both theoretical investigations and potential practical applications [13, 14] . The entanglement of a two-qubit system can be well quantified by the concurrence [15, 16] . However, quantification of many-body entanglement is still an open question in quantum information.
It is well known that there are close relations between entanglement and spin squeezing [17] [18] [19] [20] [21] [22] [23] [24] . There are several definitions of spin squeezing parameters [18] [19] [20] , which are studied in different papers. The squeezing parameter ξ 2 R defined by Wineland et al. is closely related to multipartite entanglement. It has been proven that [18] , for an ensemble of spin-1/2 particles, if this squeezing parameter is less than one, the state is entangled. The advantages of spin squeezing parameters in detecting entanglement have been shown in both theoretical and experimental aspects.
The squeezing parameter ξ 2 S defined by Kitagawa and Ueda is relevant to pairwise entanglement [21] . And for states with exchange symmetry and parity, a simple quantitative relation between ξ 2 S and concurrence was given [22] . Furthermore, it has been shown that the spin squeezing and pairwise entanglement are equivalent for states generated by the one-axis twisting Hamiltonian [22] . However, even for states with a fixed parity, such as the states generated by one-axis twisting Hamiltonian with a transverse field, ξ 2 S is not always equivalent to concurrence [25] . Inspired by recent works [26, 27] , where a set of generalized spin squeezing inequalities are developed, one can define another spin squeezing parameter ξ 2 T from one of the inequalities [28] . Similar to parameter ξ 2 R , one advantage of the parameter ξ 2 T is that we can firmly say that the state is entangled if ξ 2 T < 1. However, if parameter ξ 2 S < 1, we cannot say the state is * Electronic address: xgwang@zimp.zju.edu.cn entangled, although this parameter is closely related to entanglement.
Reference [21] found that spin squeezing according to parameter ξ 2 S is equivalent to the minimal pairwise correlation C n ⊥ , n ⊥ along the direction n ⊥ (which is perpendicular to the mean spin direction) for symmetric states. It was further found [29] that for the symmetric states, the spin squeezing defined via ξ 2 T is equivalent to minimal pairwise correlation C n, n along an arbitrary direction n. For states with a fixed parity, the relations between the two parameters ξ 2 S and ξ 2 T are more evident. It will be seen from Sec. 3 that ξ 2 T contains the term ξ 2 S , and the spin squeezing results from just the competition between pairwise correlation along the direction n ⊥ and that along the mean spin direction. So, in this sense, the parameter ξ 2 T is a natural generalization of ξ 2 S . We find that for states with exchange symmetry and parity, the spin squeezing parameter ξ 2 T is qualitatively equivalent to the concurrence in characterizing pairwise entanglement. In other words, the spin squeezing parameter and concurrence emerge and vanish at the same time. This finding is of significance to entanglement detection in experiments. As we all know, entanglement detectors such as entropy and concurrence are generally not easy to measure, especially for physical systems like BEC, for which we cannot address individual atoms. However, spin squeezing parameters are relatively easy to measure in experiments, since they only consist of expectations and variances of collective angular momentum operators. Nevertheless, the traditional spin squeezing parameter ξ 2 S is not always equivalent to concurrence even for states with exchange symmetry and parity. As ξ 2 T is qualitatively equivalent to concurrence for an ensemble of spin-1/2 particles with exchange symmetry and parity, it is better than ξ 2 S in detecting pairwise entanglement. The paper is organized as follows: In Sec. II, we give the definitions of the two spin squeezing parameters and concurrence. In Sec. III, we give the concrete forms of the spin squeezing parameters and the concurrence for states with exchange symmetry and parity. The relations between these two parameters and concurrence were given in Sec. IV. We exemplify the result by considering superpositions of Dicke states in Sec. V. Finally, Sec. VI is devoted to conclusion.
II. SPIN SQUEEZING PARAMETERS AND CONCURRENCE
To study spin squeezing, we consider an ensemble of N spin-1/2 particles. For the sake of describing manyparticle systems, we use the total angular momentum operators
where σ kα are the Pauli matrices for the k-th spin. Now, we give the definitions of the two spin squeezing parameters. The first one is defined as [19] ,
where n ⊥ is perpendicular to the mean spin direction
Since the system has the exchange symmetry, the total angular momentum is j = N 2 . For spin coherent states [19] , ∆J n ⊥ = j 2 , and ξ 2 S = 1. In the following, we consider states with exchange symmetry.
The next spin squeezing parameter is based on the generalized spin squeezing inequalities given by Tóth et al. [27] , and is defined as [28] 
where λ min is the minimum eigenvalue of
with
the correlation matrix, and γ kl = G kl − J k J l the covariance matrix. For our states,
The two-qubit entanglement is quantified by the concurrence, whose definition is given by [16] 
where λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 are the square roots of eigenvalues ofρρ. Here ρ is the reduced density matrix of the system, andρ
where ρ * is the conjugate of ρ. If C > 0, the system displays pairwise entanglement.
III. STATES WITH PARITY
To study the relations between spin squeezing parameters and concurrence, we consider a class of states with even (odd) parity, which means a state in the (2j + 1)-dimensional space with only even (odd) excitations of spins. These kinds of states are widely studied, e.g., the states generated by the one-axis twisting model [19] . The states with even parity possess important properties, J α = 0, J α J z = J z J α = 0, α = x, y, which means the mean spin direction is along the z-axis, and the covariances between J z and J α are zero. Thus, equation (4) becomes
where [A, B] + = AB + BA, and equation (3) reduces to [28] 
where
with C zz the two-spin correlation function along z direction. The explicit form of ξ 2 S could be obtained as [22] 
where we have used the following relations
which connect the local expectations with collective ones. For such states, the significance of ξ 2 S and ξ 2 T and the relations between them are clear. According to the parameter ξ 2 S , a state is squeezed when the minimum variance of angular momentum in the n ⊥ -plane is smaller than j 2 , while according to ξ 2 T , the variance in the mean spin direction n is also considered. Equation (9) represents the pairwise correlation along the mean spin direction, and this can be viewed as a complement of ξ . To calculate concurrence, we first need to calculate the two-body reduced density matrix, which can be written as [22] 
in the basis {|00 , |01 , |10 , |11 }. Then the concurrence is given by
One key observation is that
Thus,
From equations (9), (10), and (13), we obtain
Now, one can see that the squeezing parameters are related to the concurrence shown in equation (14) . The relations between ξ 2 S and C have been studied [22] . In the following, we consider the squeezing parameter ξ 2 T , and prove that it is qualitatively equivalent to the concurrence in detecting pairwise entanglement.
IV. RELATIONS BETWEEN SPIN SQUEEZING PARAMETERS AND CONCURRENCE
Firstly, we prove that for a state with exchange symmetry and parity, if concurrence C > 0, it must be spin squeezed according to the criterion ξ 2 T < 1. From equation (14) we note that when C > 0, there are two cases, C = |u| − y > 0 or C = y − √ v + v − > 0. However, since the density matrix ρ is positive, we find
which means |u| − y and y − √ v + v − cannot be positive simultaneously. Therefore, if C > 0, we have [30] 
According to equations (8) and (17), we get the following relations (17) and (18) 
while if ξ 2 T = ς 2 < 1, we have
Therefore, if the state is squeezed, concurrence C > 0.
The relations between spin squeezing and concurrence is displayed in Table I , and we can see that, for a symmetric state, ξ . Then, we come to the conclusion that for states with exchange symmetry and parity, the spin squeezing parameter ξ 2 T is qualitatively equivalent to the concurrence in characterizing pairwise entanglement. In the following, we will give some examples and applications of our result.
V. EXAMPLES AND APPLICATIONS
We first consider a superposition of Dicke states with parity, and then consider states without a fixed parity. The states under consideration are all based on Dicke states [32] , and are defined as
denotes a state for which all spins are in the ground states, and n is the excitation number of spins. Such states are elementary in atomic physics, and may be conditionally prepared in experiments with quantum non-demolition technique [33] [34] [35] .
As we consider the state with even parity, we choose a simple superposition of Dicke states as Pairwise entangled (C > 0) Unentangled
with the angle θ ∈ [0, π) and the relative phase ϕ ∈ [0, 2π). We can easily check that, for the superposition state in equation (24), the mean spin direction is along the z-axis. The expressions for the relevant spin expectation values can be obtained as
By substituting equations (25) to equation (9) and (10), it is easy to get
and
From the results in [36] we can easily get [30] u = e iϕ sin 2θ
Insert equation (28) to equation (14), one can get the expression of concurrence.
In figure 1 , we plot these two spin squeezing parameters and concurrence versus θ in one period. We observe that for θ ∈ (0, π/3) ∪ (2π/3, π), ξ 2 T = ξ 2 S < 1, therefore the state is spin squeezed in the x-y plane, moreover, as C > 0, the state is pairwise entangled. For θ ∈ (π/3, 2π/3), it is obviously that the state is also pairwise entangled, 
The two-qubit reduced density matrix becomes
and using equation (14) we find C = 
VI. CONCLUSION
In conclusion, we have studied the relations between spin squeezing and pairwise entanglement. We have considered two types of spin squeezing parameters ξ 2 S and ξ 2 T , and the pairwise entanglement is characterized by concurrence C. We find that, for states with exchange symmetry and parity, spin squeezing according to ξ 2 T is qualitatively equivalent to pairwise entanglement. In detecting pairwise entanglement, parameter ξ 2 T is more effective than parameter ξ 2 S .
It is important to emphasize that, the above conclusion can be extended to the states without (even or odd) parity. For states with properties J α = 0, J α J z = J z J α = 0, α = x, y, we can have the same conclusion that spin squeezing and pairwise entanglement are qualitatively equivalent. The following superposition of Dicke states are examples: |ψ D ′ = cos θ|n N + e iϕ sin θ|n + n ′ N , n = 0, . . . , N − n ′ , for all n ′ ≥ 3. As we have seen, parameter ξ 2 S is a key factor in ξ 2 T for our states. The present results imply that the spin squeezing has more intimate relations with pairwise entanglement.
